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Abstract

In this paper, we compare the distributions of a continuous outcome between two groups. We focus on
specifications such that the two distributions are related by some parametrized transformations of values and
ranks. These specifications can be derived from a specific class of theoretical models. We propose a quantile
method to estimate the parameters and derive their asymptotic distribution. We also propose a test of the
specification. Monte-Carlo simulations show that the estimators of the parameters perform very well when the
number of observations in each group is at least a few thousands. We finally apply our method to the wage
differential between skilled males and females in a selection of sectors. We are able to quantify the respective

effects of the glass ceiling and a uniform discrimination which may lower the wages of females.
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1 Introduction

A growing literature is interested in comparing the distributions of a continuous outcome between two groups. The
most important econometric contributions are semi or non parametric in spirit and try to assess the effect of a
policy on the whole distribution of outcomes. They assess the impact of a policy at a given quantile comparing
the distributions of the treated and untreated groups. This type of approach was initiated by Doksum (1974) who
estimated the effect of a treatment at a given rank of the distribution simply as the difference between the quantiles
of the treated and untreated groups computed at this rank. Papers now introduce explanatory variables in models
and propose IV methods (Abadie, Angrist and Imbens, 2002; Chernozhukov and Hansen, 2005), propensity score
methods (Firpo, 2007), or difference-in-difference improvements (Athey and Imbens, 2006). This literature typically
tries to estimate the effect of the treatment under minimum parametric conditions.

In this paper, we are rather interested in estimating and testing a theoretical model under some restrictive parame-
trizations. We will focus on a given class of models which result in the distributions of the two groups to be linked
by some transformations of values and ranks. If we denote A; the quantile function of group j, these models yield
a relationship that writes: Az [ry, (u)] = 23, [A1 (u)] for every quantile u, where 3, and v, are some parameters,
2g, is the transformation of values, and r,, is the transformation of ranks. We also asume that the value and
rank transformations are monotonic. Several types of micro-economic models can give rise to this specification.
In particular, this specification is obtained when the continuous outcome is observed only for a selected group of
agents and the probability to be selected is a monotonic function of the ranks of the agent in the distribution of
their group.

We develop a method to estimate the parameters of the model and derive the asymptotic distribution of the
estimators. The estimation method can be decomposed into two steps. We first estimate the quantiles of the two
group distributions non parametrically. We then minimize the distance between the quantiles of the two groups
after the value and rank transformations have been applied. Note that even if our method uses quantiles, our work
is not directly related to the literature on quantile regressions (see Koenker, 2005 for an overview). Indeed, we
minimize the distance between transformed quantile functions rather than the penalized sum of absolute deviations
at the individuel level. We then propose a test of the specification of the model which allows to assess whether
the mechanisms included in the model are compatible with the data. Some Monte-Carlo simulations show that our
method works very well provided that there are enough observations in the two groups, that is to say at least a
few thousands.

Our method can be applied in many settings. In particular, many theoretical papers develop models with agents
who are heterogeneous in a given dimension. Fz-ante, the group distributions of agents are assumed to be the
same. Distributions are then transformed by some economic mechanisms. Ez-post, the group distributions usually
differ but may be related by some value and rank transformations. This type of model can by found for instance
in international trade when looking at the effect of competition on the local distributions of firm productivities.
Competition is usually fiercer in larger markets, which makes a larger share of firms at the bottom of the local

productivity distribution to disappear (Melitz, 2003; Melitz and Ottaviano, 2007). This left truncation corresponds



to a rank transformation. Other papers put forward the existence of more interactions in larger markets which
may benefit to all firms (Duranton and Puga, 2004). These interactions can be modelled as a translation of
the productivity distribution in a large market to the right compared to the distribution in a small market. This
translation corresponds to a value transformation. Our method allows to assess whether competition or interactions
prevail by comparing the productivity distributions of firms in small and large markets (Combes and al., 2008).
An originality of our work is that we use the whole group distributions to test a theory. This is not what is usually
done in the empirical literature which rather uses fragmented information on the group distributions. For instance,
papers testing the glass ceiling effect often run separate quantile regressions for wages at different quantile values.
Each regression includes a dummy for being a female. The papers then consider that there is a glass ceiling if
the gender gap is larger at the top of the distribution than at the bottom (Albrecht, Bjérklund and Vroman,
2003). In an application, we parametrize the effects of the glass ceiling and a uniform discrimination against
females. We estimate the parameters of these two discriminations comparing on the whole wage distributions of
males and females. This is done in one single minimization program using all the quantiles of the two distributions
simultaneously. We find that both types of discrimination have a significant effect on the wages of females.

In the first section, we expose our setting where two group distributions are related to each other through some
parametrized rank and value transformations. Section two proposes some examples of transformations to which
our approach can be applied. Section three presents our estimation method and derive the asymptotic distribution
of the estimators. It also provides a test of the model. Section four explains how our method can be implemented
in an easy way. Results of Monte-Carlo simulations are given in section five. We then propose an application of
the method to the difference in the wage distribution between males and females in section 6. Finally, section 7

concludes.

2 The setting

We consider two groups of heterogeneous agents who differ in a given dimension measured by a variable y which
takes its values in a bounded interval included in R. The draws of y for the agents are independent. We denote F};
the cumulative of the outcome distribution in group j. We assume that the distribution in one of the two groups
(say 2) can be deduced from the distribution in the other group (say 1) through some parametrized value and
rank transformations. More precisely, while a monotonic function zg, 2 (y) transforms the values of the outcome
variable y, another monotonic function r, o (u) changes the ranks u of the transformed outcome. Here, 3, and v,
are some parameters of interest that we want to estimate. The functions are indexed by the subscript 2 as we write
the distribution in the second group as a transformation of the distribution in the first group (we will show that
under our assumptions, we may swap the two groups). We are going to look for the parameters of interest (G,7,)

in a set of admissible parameters (3, ) which we denote ®. We make the following assumptions:

1Other examples include Juhn, Murphy and Pierce (1993) who study the variation across time in the wage distribution of males in
the US, and Syverson (2004).



Al: For (B,7v) € ®, ry2 and zg2 are strictly increasing and three times differentiable. The first, second and

third-order derivatives of 2 and zg 2 are continuous.

In particular, A7 ensures that the two functions 7, » and zg 2 are invertible, which will be used extensively in the
paper. We denote 231 = zgé and 7y 1 =71, L. In fact, A1 also assume that the two functions are increasing, but

the decreasing case can be treated similarly. More formally, the link between the two distributions is written as:

Fy(23,,2 () = 152 (F1 (y)) for F1 (y) € 74,1 ([0,1]) N[0, 1] (1)

Here, 23,2 changes the y-values and r, » transforms some ranks of the first distribution into some ranks of the

second distribution. 7, 1 ([0,1]) N [0,1] is the set of ranks in the first distribution for which (1) holds. [0,1] N
7v,,2 ([0,1]) is the set of ranks in the transformed second distribution for which (1) holds. Note that the set
of ranks in distribution j which participate to (1) rewrite as [QWOJ,E%J} where . ; = max (0,7, (0)) and
U, ; = min (1,74 (1)). In particular, we can distinguish the three following cases:

® 7,1 (0) > 0. We have u, ; > 0 and the lowest ranks of the first distribution are not used. We also have:

Tryo,2 (g%’l) = 0 which means that the lowest ranks of the transformed second distribution are used.

® 73,1 (0) = 0. We have w, ; =0 and 7y (g70,1> = 0 which means that the lowest ranks of both the first

and the transformed second distributions are used.

e ry,1(0) < 0. We have u

vo,1 = 0 and the lowest ranks of the first distribution are used. We also have:

Tryo,2 (gyml) = 74,,2 (0) > 0 which means that the lowest ranks of the transformed second distribution are

not used.

The same line of arguments can be applied at the top of the distributions looking at 7, 1 (1) ; 1. Note that
T+,,1 changes the admissible ranks non uniformely and can account for the disappearance of some observations
depending on their y-value. This means that it can account for selection. We want to rewrite equation (1) with
quantiles and we will need quantities to be differentiable in the estimation section. Hence, we make the following

assumption:

A2: for j € {1,2}, Fj is strictly increasing and three time differentiable. The first, second and third-order deriva-

tives of Fy are continuous.

Assumption A2 makes F; invertible. Let u = Fi(y) and \; = Fj_l, equation (1) can be rewritten as:

25,2 (A1 (1) = Ao (T%,g (u)) ,for u € [Q%’I,E%J} (2)

The set of equations (2) constitute an infinite set of equalities between transformed quantiles from which it is

possible to identify the parameters 5, and ~,. We suppose that the solution is unique:

A3: There is a unique couple (By,vy) which verifies (2).



When specifying the relationships between the distributions in the two groups, we treated these groups asymetri-
cally. In fact, it is possible to swap their role. We can apply the function 25,1 to both sides of the equalities (2)

compute at the ranks ., ;1 (u). We obtain:

At (71 () = 25,1 (A2 (w)) , for u € [@%72@072} (3)

These equations are the symetric of (2). We will use both sets of equations (2) and (3) to estimate the parameters.

3 Interpretations

3.1 Deriving the specification from a theoretical model

We now show that the equalities (2) can be derived from a class of theoretical models with two groups. This
class is defined such that before any economic mechanism takes place, the distribution of potential outcomes
in the two groups are the same. We denote F the cumulative of this common distribution which we call the
baseline distribution. The theoretical model transforms the cumulative F through some economic mechanisms into
a cumulative Iy (resp. Fy) for the first (resp. second) group. For instance, the baseline distribution can be the
distribution of productivities of firms before they enter a small or a large market. The less productive entrants
disappear because of competition which is fierce on the large market and less intense on the small one (see Melitz,
2003). The distribution of firm productivities on the two markets after competition (which are the ones observed)
are not the same as more firms disappear form the large market. They also differ from the baseline distribution.
We assume that the distribution of each group j can be derived from the baseline distribution through some value

and rank tranformations denoted respectively 2, (y) and Ty, (y). We make the assumption that:

Alb: Ty, and zg, are strictly increasing and three times differentiable. The first, second and third-order derivatives
of Ty, and zg, are continuous.
A2b: F is strictly increasing and three time differentiable. The first, second and third-order derivatives of F are

continuous.

Here, A1b and A2b ensure that the functions F $ Ty, and zg, are invertible. The link between the group distributions

and the baseline distribution is given by:

Fi(z3, (1) = 14, (F () for Fi () € [ry} (0),75} (1)]
This relationship is simpler than (1). Indeed, the group distributions may be a truncated version of the baseline

distribution, but the reverse cannot be true. We denote A\ = F~1. The transformed quantile functions verify:
28, (A (u)) =)\ (r,yj (u))  for u € [r;jl (0),75! (1)] (4)

Note that this specification is similar to the one introduced in the previous section which lead to (2). Applying the

function z[;Al on both sides of (4), we get:
J

A(u) = zﬁ_jl [)\j (Tw (u))} , for u € [T;jl (0) ,r;]_l (1)] (5)



Denote © = {(’yl, vs) ‘[r;ll 0), vt (W N [} (0),r (D] # @ } The data do not bring any information to identify
the parameters of the model for values of (;,7,) which do not belong to 0. Indeed, for these values, equation (5)
is verified at best only for j = 1 or j = 2 for any quantile y and the function X (u) is not observed. Hence from

now on, we will focus only on parameters v; and 7y, in the set of values . Using (5), we can then write that:

zﬁ_ll (M (ry, (w)) = ZB_; (A2 (7, (w))), for u € [max (r;ll (0) ,r;zl (O)) , min (7’,?11 (1) ,r;; (1))}

These equations rewrite:

(252 o zﬁf) (A (w)) = Ao ((7‘72 o r;f) (u)) , for u € [max (0, Ty, © 7“7_21 (0)) , min (177&,1 o 7“7_21 (1))]

Denote 25,2 = 2g, © 2511, Tyg2 = Tv, O 7'%1, 28,1 = Z/;olﬂ and 74,1 = 7";01’2, where 3, (resp. 7y,) are some
combinations of the parameters 3; and 3, (resp. v; and 7,) which are identified. We are back to the specification
in the first section. This means that the specification yielding (1) corresponds to a theoretical model where only
some combinations of parameters are identified. For instance, if the rank transformation is the identity and the
value transformation corresponds to a transaltion (z3; (y) =y — 0 j), it is possible to identify only the difference in
translation between the two groups (8, — 3;). Note that assumptions A1b and A2b are sufficient for A1 and A2 to
be verified. This means that assumptions on the underlying theoretical model may be used to grant assumptions
needed for the reduced form given by (2). In the next subsection, we give some more examples of specifications for

the functions zg; and 7, which lead to equalities of the form (2).

3.2 Examples

In this subsection, we characterize the functions z5, and r,, for two transformations which are quite common in
the literature: a linear transformation of the y—values and selection. We show how to deduce the functions zg,
and 7, of the reduced form (2). Of course, the resduced form could be used directly, without referring to any

underlying theoretical model.

1. The linear transformation is charaterized by 2(4, ;) (v) = a;y + b; for j € {1,2}. In that case, the relative

linear transformation between groups 1 and 2 writes:

25,2 (y) = (2(427172) © Z(_alubl)) )
x—by a2 a2
Z(ag,bs) ( o ) = a—ly + b2 — a—1b1
= aopy+bo

a a /
where ag = £2, by = by — ¢2b1, and 3 (ag,bo) -

2. We now consider the case where the distributions of groups 1 and 2 are some transformations of the baseline
distribution through a selection process. We assume that for each group j, the observations are selected

with respect to their rank w in the baseline distribution according to a sampling function Dy, (u). When



Py, (u) > 1, the obervation with rank w« is over-sampled, and when Dy, (u) < 1 the observation with rank w is

under-sampled. The density of the distribution in group j then verifies:

£ )= - Py, (f (y))f (y) ©)

where ]?(y) is the baseline distribution and Y, is the minimum value and y; the maximum in the group j.

We have: .
Yy ~ ~ (y)
o, (F&) Tz [, ()dv
Fj(y) = = = ig
Jps, (F(2) F(2)dz Sy () dv

where u; = F (gj) and w; = F@j). u; (resp. ;) is the lowest (resp. highest) rank of the group j
observations in the baseline distribution. We have Fj (y) = r,, (F (y)) where 7, is the increasing function

defined by:
Pw(“)
. (u) = I —— foru € |u;,u; 7
%( ) ij (uj) [ J J] ( )

where P, (u) = f;j Py, (v) dv. Note that z5, (y) =y. We get:

Vi Y

1 (o) = Pt (ij (T@;) v) , for v € [0,1] (8)

-1

‘We want to compose Ty

(v) with the function 7., for admissible value of v. We have 7:711 (v

) € [uy, 7] for
(v) is well defined only for 7! (v) € [max (uy,u,) , min (@, @s)], that is to

v € [0,1]. Hence, ry 2 =14, 07

say for v € {max (O,m1 o r;zl (0)) , min (l,m1 o r;zl (1))} We finally get:
1 _
Toyg,2 <y) = 7, (Pv_ll (P'yl (ﬂ1)y)> _ Pv2 (P’Y;D%(T;;)(’l“) y))7 (9)

fory € {max (O,m1 o r;; (O)) , min (1,7‘71 o r;21 (1))}

Note that (6) can be rewritten as: f; (y) = r'w (ﬁ (y)) f (y). Hence T,ij is the sampling function that selects
observations into the group j depending on their rank in the baseline distribution. It is possible to show
that: fa (y) = 7 (Fi (y)) f1(y) and fi (y) = 3" (F2 (y)) f2 (y).* This means that 1 (resp. r7") can be
interpreted as the sampling function that selects obervations from group 1 (resp. 2) into group 2 (resp. 1)

depending on their rank in group 1 (resp. 2).

2Indeed, combining (6) for groups 1 and 2, we get: f2(z) = %%?z%fl (z). We also have from (9): r/ (F1(z)) =
Y2 Y1
P’Y1(1) pwz(P;ll(P’Yl(l)Fl(r))) " F _ F~, F -1 F _ P_l P 1) F,
Py, (1) Pyy (P’?ll(P71 (I)Fl(z))) Using (8)) we get 1 (lt) =™ ( (:t)) = (:L‘) =™ ( ! (13)) Y] ( ’Yj( ) ! (:t)) we get
the result. The same line of arguments hold for group 2.




Consider the special case of smooth random selection in which p, (u) € [0,1] for all u € [0,1] with p,,
differentiable, and more specifically the fonction p,, (u) = (1 —u)" for 7; > 0 (selection is here decreasing

in the rank in the distribution). We then get: P, (u) = % thus ry (u) =1—(1— u)" !, Finally,

_
T2 (Y) =74, OT% (y)y=1-(1- )71+1 and only the combination of parameters fﬁ = 7, + 1 is identified.
When v, < 0 (resp. 7, > 0), observations in group 2 are more (resp. less) selected in the top of the

distribution than observations in group 1.

Consider now the special case of deterministic selection where there are both a left and a right censorship. In

u;, j)/ and p. (u) =0foru ¢ [gj,ﬂj]. We

min(u,w;)— mln(u,g

J) Hence, r,;jl (v) = (W5 — ;) v+

that case, we have: p,_ (u) =1forue [gj ] [0,1] with v; = (

get: Py (u) = min (u,u;)—min (u, 1), and thus Ty, (u) = =

u; for v € [0,1], and . (y) = Lty By for y € [max (O, %i%?) , min (1, %)} Hence, only two
21 =1

ugu ugu

2 are identified on the common supportdefined

U
combinations of the parameters, say v = 51— 2 and V=
Uy — Uz —u.

by {max (O, ﬁ) min (1, %:%)} Note that we have r, (y) = v+ (T—v)y: v (resp T) is the relative left-

censorship (resp. right-censorship) truncation parameter of the distribution 2 with respect to distribution 1.

When v < 0 (resp T > 1), distribution 1 is more left-censored (resp. right-censored) than distribution 2.

4 Estimation

The parameters of the model are identified from equations (2) which are equalities between transformed quantiles
of the two groups. However, in practice, quantiles are not observed and need to be estimated. For the estimated
quantiles, equations (2) are not verified anymore because of the sampling error. In this section, we explain how
to recover the parameters of the model from the minimization of a criterium which is specified as a function
of estimated quantiles. We derive the asymptotic law followed by the estimated parameters and provide some

asymptotic results on this criterium.

4.1 Minimization criterium
We choose the minimization criterium to be the quadratic distance between the transformed quantiles of groups
1 and 2 on their common support. Consider the distribution in group 1 truncated below by Uy 1 and above by

Uy,1. Any rank ¢ in this truncated distribution corresponds to a rank u., 1 (t) = Uyo1 T+ (E,YOJ _2%,1) t in

distribution 1 to which is associated the quantile A, ; (t) = M (ty,,1 (t)) and the transformed rank in distribution

201 2 () =1y2 (ty,,1 (t)). Equations (2) can be rewritten as:

25,2 (Aw( )) = (_V ,(t )) for ¢ € [0, 1] (10)

A minimization criterium associated to (2) is then defined as:

G (o) = | S 0) [rns (B0 (0) = R (2, )] (11)



where w; (.) is any strictly positive weight function, Xj is an estimator of A;, and 270,1 (t) = A1 (tyy,1 (). The
literature proposes many estimators of A; which can be summarized in a nesting specification given by Cheng and

Parzen (1997):

%= [% 0K (0,0 12)
0

where Xj is the sample quantile function and for each u, K, (u,-) is a c¢df on [0, 1]. When K, (u, ) is a mass point 1
at u, (12) gives the sample quantile function. When K, (u,t) = hi"k (t,:—n“) where k is a density and h,, a sequence
of reals, (12) gives the kernel estimator. We make an additional assumption to ensure that the minimization

criterium has a solution:
A4: ® is compact.

In fact, we can also use the equations (3) to get a minimization criterium. Consider the distribution in group 2
truncated below by Uy 2 and above by 7, 2. Any rank t in this truncated distribution corresponds to a rank
Uyy2 () = Uy o + (ﬂ%’g —QVO’Q) t in distribution 2 to which is associated the quantile A, , () = A2 (tyy 2 ()

and the transformed rank in distribution 1: r., ; (£) = 7,1 (4,2 (). Equations (3) can be rewritten as:

At (%1 (t)) = 25,1 (A%,Q (t)) for t €0, 1]

A minimization criterium associated to (3) is:

o~

Ca(.) = | )[R (300 0) =201 (2 0)] (13)

where ws (.) is any strictly positive weight function, and X%Q (t) = s (ty,,2 (t)). The expression of C, is the same
as that of 61, switching groups 1 and 2. It is then possible to combine the two criteria to obtain a criterium where

groups 1 and 2 are treated symetrically:

C(8,7) = C1 (8,7) + Cs (8,7) (14)

Note that the criterium (14) embeds both the criteria (11) and (13) that can be recovered respectively fixing
wi (t) =0 and wsy (¢) = 0 for all ¢ € [0, 1].
4.2 Asymptotics

We now study the asymptotic properties of the estimators of the parameters and the criterium. We make an

additional assumptions:

1
Aba: for any function g, we have: sup |[g(t) diK, (u,t) — g (u) £o.
uel0,1] 10
A5b: we have: agn (u,t)| < Mo (u,n) for almost all t, with sup Mo (u,n) = o (n?), g < 1/2.

u€[0,1]



Applying Aba to the function Xj and using A5b ensures that the quantile estimator converges uniformely to its
true value (see appendix). Note that Aba and A5b hold trivially when K, (u,-) is a mass point 1 at u. When
K, is a kernel, Aba usually holds when the bandwidth tends to zero as n tends to infinity, and A5b holds if
the convergence speed of the bandwidth is not too large. We then have the following consistency theorem for the

estimated parameters:

Theorem 1 Under A1-A5b, we have: (ﬁﬁ) Lt (Bo, Vo) the true value of the parameters.
Proof. See appendix. ®

We now establish the asymptotic distribution of the estimated parameters. We denote iy i (/\%j (t)) = 1(22,0) Liglo,1)

- Ury,j Uy 5

the density of distribution j truncated below by w. . and above by , ;, where f; is the density in group j.

V>J
We also introduce N; the number of observations in group j and IV, ; the number of uncensored observations

(which are the observations corresponding to ranks between u. ; and @, ;). We also introduce the two functions

Y3
py (1) = zg20A, 1 (t) and py (1) = 251 0 A, 5 (t) as well as the two following vectors that will be used to write our

convergence theorem:

825,2
B 9 1x )
V(ﬁﬂ)ﬂ t) = 2 _ Orya W)’\;OT ()
oy Uny 1 (1) 27 2,2
82{9,1
9B N L)
Vigma () = 2 _ 9rya _KfoT (t)
9y U~ 2(t) iatit

In the next theorem, we show that the estimated parameters converge in distribution to a normal law at speed

Krl + N; under some additional assumptions. The line of the proof is quite similar to that used to establish
~,1 ~,2

the asymptdtic law of the maximum likelihood estimator. We first want to apply the mean value theorem to

the first-order derivative of the C. For that purpose, we need C to be twice differentiable. We thus make the

assumptions:

Abe: a s twice differentiable in u and L,#Kn u,t)| < My (u,n) for almost all t and k € {1,2}, with
ot oukot
sup My (u,n) = o (n), 6, < 1/2.

u€(0,1]
1 . :
Abd: for k € {1,2} and any function g that is twice differentiable, we have: sup |[g (t) %Kn (u,t)dt — %}% (u) Ll
uel0,1] 10
0.

A6: there is a lower bound a > 0 such that f (x) > a nearly everywhere.

Assumption A5c ensures that the estimated quantiles /):j, J € {1,2} which intervene in C are twice differentiable,

and so is C. Note that this property is not verified when :\\j is the sample quantile estimator Xj. According to the

10



mean value theorem, we have:
—1 R
oC
_ 2(8,)"
(B7) (8,7)

Y

B=By \ _ 92C
7= a(8,7)0(B.7)"

(Bo»70)

where 3 lies between (3, and B, and 7 lies between v, and 7. Assumption A5d ensures that the derivatives of
quantiles Xj converge to the derivatives of quantiles A\;. When K, is a kernel, the assumption is verified if the
kernel is sufficiently smooth and the bandwidth tends to zero fast enough when n tends to infinity (see Hirdle,
1990). Finally, assumption A6 ensures that A; and its first and second-order derivatives to be lipschitzienne.
This is because the derivatives of the quantiles functions can be bounded up to the third-order as they write as
ratios such that their denominator stays away from zero. It is then possibility to show that the first right-hand
side term converges to a given matrix (see Lemma 5 in appendix). This matrix would correspond to the Fisher

information matrix for the maximum likelihood estimator. We can then establish that follows a

ac
aB.M"
normal distribution. In fact, we have that following asymptotic equivalence (see appendix):
aC
9(8,7)

(BO»’YO)

~

1
[ 0OV 0 2302 03,0 (0 = Ra o (0]

(Bos70)
1
+ [ 00 0 Va2 (0) 390 03y, ()= B0, )]

Terms in the integrals on the right-hand side are random because we use the estimated quantiles instead of the
true value of the quantiles. In fact, these integrals write as the sum of some estimated quantiles. These estimated
quantiles are not independent. Indeed, for any given j € {1, 2}, the quantiles Xj (u1) and Xj (ug) are correlated for
any given uy,us € [0, 1]2. In our asymptotic derivations, we thus need the joint asymptotic law of the estimated

quantiles. We restrict our attention to kernel estimators and suppose that:

A7: the functions Ky, (-,-) are some kernel functions such that K, (u,t) = %k (7—:) where 0 < h,, — 0, k has a

bounded support, /k (x)dx =1, X, r,?jl, and 23, have bounded first-order derivatives.

Under assumptions A1-A7, using Theorem 1.3 p429 in Falk (1985), we get that /N; f; (A) (X] — );) converges to

a standard brownian bridge. This property is enough to establish the result.

We now give our theorem which establishes the asymptotic distribution of the estimated parameters:

Theorem 2 Under A1-A7, we have:

(SIS

1 1\ 7 B~
<A + = ) [j Po =L N (0,r7'Qr )
Ny Nyp 7=
where:
1 ! T T
r o= 3 / (01 () Vigy01 () VGt () 02 (1) Vi, 02 () VG o2 (0]

1
o = / T {9} ()T {g} (u)' du
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with:
T{gh(u) = [} g(t)dt — [} tg (t)dt

where: g (t) = [w(l )(t) Vigoro)1 (8) + w2 (5 (8) Vigy 0.2 (5 (1) 23,1 [ (B)]] 13 (2)

and: s(t) = =22 —-—_=0:2 0.2

Uv0,2 78y ,2

Proof. See appendiz. m

As the asymptotic law is quite intricate, confidence intervals may be computed by bootstrap. We now establish
the asymptotic distribution of the minimization criterium (14) at the optimum. This asymptotic distribution can

then be used to test the model. We have the following theorem:

Theorem 3 Under A1-A7, we have:

-1 1 1
(3 - ) E (Borry) = / wn (£) s ()° B (1)? dt + / ws (3) iy (5)° Ba (5)2ds (15)

N’Yoal N’YoaQ

~

where 1y (t) = 25,2 (A%J (t)), 1o (8) = M (fwl (5)), N,,.; is the number of uncensored observations in group
Jj, B1 and By are some brownian bridges such that for all s,t € [0,1], By (t) = B2 (s) with s and t such that:

Uyy2 (8) =1, 5 (t). We also have:

1 1 POy 1 1 R 4 1
— + —= C(BA)—|=—+= C(By,79) ~—=> D X7 16
(Nm Nm) ( 7) (N N ) (Bo:%0) 2% (Bovo): k2K (16)

Yol Y02

where Xy, k =1,..., K, are some independent normal laws and D(g, ~) s the k™ (positive) eigenvalue of A'T A
where T71QT Y = AN’ (which is a Choleski decomposition,).

Proof. See Appendix. m

Theorem (3) establishes the asymptotic law of the criterium and thus provides a way to test of a the model.
Indeed, the criterium should not be different from zero if the model is true and its value should thus be in the 95%
confidence interval of the asymtpotic law.

The asymptotic law of the criterium can be decomposed in two terms. The first one (15) is the integral of a

single weighted brownian bridge as it rewrites:
1 1
| w0 @B @t [ (5) i (5 B (5 ds
0 0
1
- / (w1 () + w2 (s (1)) 2,0 Iy (O /5 (0] i (07 BE (1) at (17)

This is obtained with a change in variable (see appendix). It comes from the fact that By and By are linked and
correspond to the same brownian bridge. The second term of the asymptotic law (16) is a sum of weighted chi-
squares (X} ). Note that the two terms (15) and (16) are not independent since X, k =1, ..., K can be expressed

as functions of By and Bs.
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Theorem (3) also shows that the asymptotic law of the criterium C (3,/7\) depends on the true value of the

parameters (f3;,7,). This makes impossible to test that c (ﬁ, W) = 0. However, for some specific weights w; () =

_ 1 . . . . . _
wa (s (t)) = [1+Z£30,1[.u'1(t)]2/5/(t)} PIOE the integral (17) then writes as a pivotal statistic and follows the Van

Mises law fol B? (t)dt which has been tabulated in the literature (see Knott, 1974). By definition, we have:

~ [~ ~ -1 ./~
C (ﬁ, ?) < C(By,70)- Denote C, the asymptotic law of (Nl + %) C (ﬁ, ?) If the model is true, we should
5.1 5.2

have: )
Hy: C, </ B (t)dt
0

Testing that the model is true can be done by testing Hy. As Hy only corresponds to an inequality between two
distributions (and not an equality), the test might be not very powerful.

Note that the weights leading to the Cramer-Von Mises statistic depend on the true value of the parameters.
A way to construct the CVM statistic is in two stages (as in GMM). A first set of parameters is estimated without
weights. Then weights are computed using these estimators. A new criterium is then constructed from these weights

and minimized. The value of the criterium at its optimum can be used to test Hy.

5 Implementation

5.1 Estimation of the parameters

We now explain how the parameters of the model can be estimated in practice. The theoretical model gives the

specification of zg ; and 7, ; which forms are known. From these functions, it is possible to calculate the functions

Ory
o5 and

ag%’j. The data consist in a set of values xff for each group j € {1,2} and for k € {1,..., N;}. We order
them in ascending order such that y] < ... < yf\,j. We then have some estimators of the quantiles corresponding to

the ranks in the two groups: Xj (Ni]) = yli

For our minimization program, we need to compute the criterium for any admissible parameters (3,7) € ®. In
particular, a couple is not admissible if w. ; > Wy 1 or w, 5 > Uy 2. It is easy to compute w, 1,1, 4, o and U, 2 for
any given values of the parameters, as the functions 7, ; are known. This allows us to discard parameters which

are not admissible.

For admissible parameters, we now explain how to compute the criterium. We first rewrite its components as:

61 (8,7) _;1 /jwll w1 <ﬂ) [zm (X1 (U)) - X2 (H,Q (u))]2 du

Uy, 1 7 Uy, Uyl = Uy
~ 1 U2 U— Uy o ~ . 2
C2(B,y) = ——— Wy | ———— [)\1 (ry1 (w) — 251 ()\2 (u))} du
Uy2 = Uy o Sy, Uy,2 — Uy o

To approximate the two integrals, we need to compute the differences between transformed quantiles zg o (Xl (u)) -

X2 (ry.2 () for some u € [w, 1,Ty,1], OF M (ry1 (0) — 281 (3\\2 (v)) for some v € [u, 5,Uy,2]. We can evaluate
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Xl (u) for the group-1 observed ranks in [Hy,hﬂ%l] but we do not have any empirical counterpart for Xg (ry,2 (u)),
since these ranks once transformed by 7,2 have no reason to match group-2 ranks. Hence, we need to estimate
s (14,2 (u)). Conversely, we can evaluate A2 (v) for the group-2 observed ranks in [y,Y,Q,E,Y,Q], but we do not have
any empirical counterpart for 1 (ry,1 (v)) as these ranks once transformed by 7. ; have no reason to match ranks

in group 1. Hence, we also need to estimate A; (ry,1 (v)).

In practice, we can compute \; (Nil) for Nil € [y%l,ﬂ,y,l], and A (1\%) for all Niz € [Q%Q,ﬂmg]. Hence, we

construct estimators of the missing ranks in each group the following way:

e For Nil € [y%l,ﬂ,y,l], denote k* € {1,..., N2} the integer such that: J’i,—2 < T2 (Nil) < kT'gl The estimator

of Ao (rﬂ,,g (Nil)) is defined as:

oo (1)) (s G B (52 s () - ) ()
() :

e For Niz € [ﬂ,y’2,ﬂry,2], denote k* € {1,..., N1} the integer such that: ]’i,—l < Ty (Niz) < lel The estimator

of \; (T’y,l (N%)) is defined as:

o () (B () () (s () - ) ()
(e (4) )
1

A —

We define the vector V; of the ranks in group j, observed or constructed, sorted in ascending sequence. The total
number of possible ranks in V7 and V5 is the same and equals the total number of observations in the two groups
]\Af,y = ]/\\7%1 + N%Q. Note that for each i € {1, ...,NW}, we have V5 [i] = ry2 (V4 [i]). The two components of the

criterium are estimated by:

. ! al wl(éﬁ’l‘f)[mz (Xl Vi [ﬂ))—ig% [z’])r | (Vi [i] — Vi [i — 1])
G = 25| b (V) [e (Wil - 1) - Reafi-1)] | T "
. & e ()R- (e )] | mi-ni-n)
G = 25| b (BB M- 1) -z (e ali- 1)) | T "

The criterium cannot be minimized directly with usual optimization tools as the criterium is not continuous in =y
(there are some jumps depending on the number of observations which are censored). Hence, the minimization
procedure is decomposed into two stages. For a given admissible v, it is possible to minimize the criterium with
respect to 0 using some standard optimization tools as the criterium is usually continuous and derivable wih respect

to §. Then a grid search on v can be performed.
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5.2 Computation of the test statistic

-1 < /s~
We now explain how to construct the test statistic ( Nl + Nl ) @ (ﬂ, ?), where C, is the criterium corre-
5,1 5,2

1
[ 1420 2 1 (012 /57 (0] 1 (8)
of the parameters obtained when weights equal one (see the previous subsection for their estimation). The number

~

sponding to weights given by: w; (t) = wa (s (t)) = =, 3 and 7 are the consistent estimators
of uncensored observations J/\\fzm- is the number of observations such that their rank is between 5 ; and Us ;- We
need to compute some estimators of the weights. For than purpose, we need to get some estimators of 1 (t), pj (¢)

and s’ (t). In fact, we have:

i (8) = 2,20 A1 (8) = Xa (1,2 (1))
Hence, an estimator of p, (¢) is:

(1) = 5 [2550 30, () + 3o (5.2 ()]

where the quantile function Xj are replaced by the estimators given in the previous subsection. We also have:
(8 = (Tga = 2,1) X (10,0 (8) 5,20 01 (1)

= (Emz - Q%,g) 72 (U2 (1) Xy (Lro,2 (t))

Hence, an estimator of f (¢) is:

-~/
oo L (W g g) A (us (1) 25 0 A5, (1)
M1 (t) D) _ ,

+ (Ua,z - ny,z) T5,2 (uz,2 (1))

~/
where \; are some estimators of the quantile function derivatives constructed below. Finally, using the expression

of s(t), we can construct an estimator of its derivative:

Uy 1 — Us g
§(t) = =—00k  (usq (1))
) U'Ay,2 o HfY,Q 5,2 ( Y,
The estimated weights are then:

1

Wy (t) = Ws (S (t>) = - 2 —~ 2
(142, T 0 /3 ()] 7 (1)

For any given j € {1,2}, some estimators of the quantile function derivatives X; can be recovered from Siddiqui
(1960), and Bloch and Gartswirth (1968). These estimators can be easily computed in the following way. Consider

the two sets of ordered data: y{ <. < yfvj for j € {1,2}. For a given u, the estimator writes:

< Ylk1] = Ylko)
(u) = N, 2l — Jlko]
Aj (u) —
where k; = [nu+ m] (with [e] the integer function) if nu +m < n and k; = n otherwise, ko = [nu — m] if

nu—m > 1 and kg = 1 otherwise. Weights should be estimated for all the ranks used in the computation of the
test statistic with formulas (18) and (19). This means that wy should be compute for the ranks Nil fork=1,..,N;
and 75,1 (1\%) for k=1, ..., No. Similarly, ws should be computed for the ranks Niz for k=1,...,N and 5,2 (Nil)
for k =1,..., N1. We finally get the test statistic using (18) and (19).
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6 Monte-Carlo simulations

We now present some Monte-Carlo simulations to assess the performances of our estimators. We consider two
baseline distributions F with different shapes: a normal and a pareto. The baseline distribution is restricted to a
compact support to verify the assumptions of the model. We thus truncate a given percentage of the distribution
on the left and on the right. In the baseline simulation, the truncation is set to be 7 = 2.5% on each side. The
distribution in the first group is supposed to be equal to the baseline distribution: F = Fy. The distribution in the
second group is derived from the baseline distribution with two transformations. The values are transformed with
an homothecy: 23 () = ax +b where ¢ = 1.2 and b = 1 in the baseline simulation. The ranks are transformed with

a selection process that can be of three different kind (see subection 3.2 for details):
1. Random selection: 7 (u) =1 — (1 — u)"™, w e [0,1], with v = 0.5.

2. Left truncation: 7 (u) = v+ (1 —v)u for u € {max (0, 1;33) ,1] We want 10% of the distribution to be
left-truncated. This corresponds to v = —0.11.

3. Linear selection: 7, (u) = 2yu — y*u? with v = 2.

Data are generated in the following way. We consider that there are N; observations in group j before any trans-
formation takes place. In the baseline case, we fix N3 = Ny = 10, 000.

For group 1, we draw some rank values uy;, ¢ € {1,.., N1} in a uniform law [7,1 — 7] and take the inverse of the
baseline cumulative to generate the values of our variable of interest: y1; = F! (uq4).

For group 2, we draw some rank values ug;, i € {1,.., N2} in a uniform law [r,1 — 7] and assess whether the

corresponding observations should be selected depending on the selection process:

1. Random selection: an observation i is selected with probability (1 —u;)”. Hence, we also draw a series of

values vg;, i € {1,.., No} in a uniform law [0, 1]. Observation i is selected if vo; < (1 — u;)”.

2. Left truncation: observation i is selected if ug; > 7.

3. Linear selection: an observation ¢ with a rank uo; € [0, %] is selected with probability 27y (1 — yug;). For this
observation, we grow a value vy; in a uniform law [0, 1] and keep the observation if vy; < 27y (1 — yug;). An

observation i with rank wg; > % is not selected and is thus discarded.

For observations still in sample 2 after selection, we generate the values of our variable of interest as yo; =
aF~1 (ug;) + b.

We then compute the criterium given by (14). In the baseline simulation, we consider that all weights are equal to
one: wy (t) =1 and wy (¢) =1 for all ¢ € [0,1]. All computation details are given in the previous section on the

implementation.
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We now present the results obtained with the Monte-Carlo simulations for 100 replications. For each coefficient
a, b and ~, we report the estimated coefficient and the root mean-square error (RMSE). We first examine the
case where the baseline distribution is normal. Table 1 shows that for random selection, parameters are not biased
(column 1) and are very accurately estimated (col. 2). Indeed, the mean value of the translation parameter b (.991)
is close to 1 and its RMSE is very small at .033. Similarly, the mean value of the dilatation parameter a (1.196)
stands very close to 1.2 and its RMSE is very small at .014. Finally, the selection parameter 7 is estimated still
reasonably well with a mean of close to .5 (value .487) and a RMSE at .058. The test statistic computed with the
true value of the parameters has a median of .103 and a RMSE of .078. As the 5% threshold is 0.461 (see Knott,
1974), the model is accepted for nearly all the iterations. When using the estimated parameters to compute the
test statistic, the median drops to .037 and the RM SE to .020. This suggests a discrepancy in the power of the
test when using the estimated parameters instead of the true (unobserved) ones (see below for more on that).
We assess how the performances of the method vary with the number of observations. Of course, when this number
gets smaller, estimators behave less well. For N; = Ny = 1000, the estimated parameters are biased (col. 3). The
bias is quite small for the translation and dilatation parameters (8% and 2% of the true value, respectively). It
is larger and significant for the selection parameter (20% of the true value). Also, parameters are less precisely
estimated since the RMSE are more than three times larger than in the baseline case for all the estimated parameters
(col. 4). Conversely, the accuracy increases when the number of observations gets larger. When Ny = No = 100, 000,
the means of the estimated parameters are nearly equal to their true value (col. 5). The RMSE get very small (col.
6), that is 2.5 times less than in the baseline case.
We then assess how the estimators behave when we change the truncation parameter 7 of the baseline distribution.
When 7 gets smaller, estimators are less precisely estimated as expected. This is because quantiles at extremes
which enter the minimization criterium are estimated with less accuracy. For 7 = 1%, the means of estimated
parameters get slightly away from their true value (col. 7). The discrepancy is the largest for the selection parameters
with a bias that reaches 8% of the true value. The RMSE of all the parameters are also more than 50% larger
(col. 8). Biases get very large when 7 = 0%. It even reaches 46% of the true value for the selection parameters
(col. 9). In the same way, the RMSE get large (col. 10). Conversely, we also experimented what happens when the
truncation parameter 7 gets larger. The performances improve a bit compared to the baseline case: the means of
estimated parameters are a bit closer from the true value (col. 11) and RMSE are smaller (col. 12).
Finally, as we are mostly interested in the selection process in this paper, we experimented what happens when
the selection parameter varies. Results are still very good for smaller v taking the values .2 and .05 (col. 13-16).
Note that in all our alternative specifications (col. 3-16), the test statistic hopefully always accepts the model at a
5% level whether it is computed with the true or the estimated value of the parameters.
We then conduct the same kind of analysis for left truncation (Table 2). The method performs very well and give
very accurate results for all alternative specifications. Interestingly, the bias when N7 = Ny = 1,000 is far smaller
than in the random selection case. Moreover, when there is no truncation of the baseline distribution (7 = 0%), the

difference between the means of estimated parameters and their true value is negligible. These results suggest that
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the method should be very robust for left truncation in the empirical applications (provided that the distributions
in the two groups are close to normal).

We also apply the method in the linear selection case (Table 3). Results are not as good as in the previous cases. In
the baseline specification, there is a significant bias on the estimated parameters. This bias goes up to 20% for the
translation parameter. Also RMSE are very large. The method performs very poorly for Ny = Ny = 1,000 but give
good results for Ny = Ny = 100, 000. Interestingly, there does not seem to be a bias on the estimated parameters
when 7 = 0% even if the RMSE are quite large. This suggests that the truncation of the baseline distribution to
get a bounded support may distort too much the shape of the distribution to get reliable results. When using a
linear selection in practice, it would thus be better not to truncate the baseline distribution (or only very mildly to
avoid extreme values). Finally, the performances of the method are similar when changing the selection Parameter.
We then repeat the same simulation exercise for a Pareto baseline distribution. Results are quite similar to those
obtained with a normal baseline in the three selection specifications, which suggests that the method is quite robust
to the shape of the baseline distribution. Note however that for random selection (Table 4), the biases are larger in
the Pareto case when not truncating (much) the baseline distribution (7 = 1% or 7 = 0%). This is not surprising
as the Pareto distribution has some heavy tails and quantiles are more spread. Biases also appear for the Pareto
baseline when the selection is a left truncation and 7 = 0% (Table 5), whereas it is not the case for the normal
baseline. Finally, the linear selection performs quite poorly with the Pareto baseline (Table 6).

We finally tried to asss the power of our specification test. We generated the data with a Pareto (resp. normal)
distribution with variance one, but supposed that the baseline was normal (resp. Pareto). As the normal and Pareto
distributions are very different, we expected the specifications to be heavily rejected. In that this is the case for all

specifications (Table 7 and 8).

7 Application

We now apply our method to study the wage difference between males and females. Indeed, there is a large literature
on discrimination against females (see XXX ). In particular, it is said that females have a very limited access to the
best high-skilled jobs and their wage usually stays below a glass ceiling. We want to assess the relative importance
of a uniform discrimination against all females and the glass ceiling effect. Most of the recent literature studying
the glass ceiling uses wage quantile regressions (see Albrecht, Bjorklund and Vroman, 2003). It is said to be a glass
ceiling if, after controlling for individual characteristics such as the diploma, the wage difference between males
and females is larger, the higher the quantile. The job occupation is usually not included in the controls as the
authors want to capture the barriers to the best high-skilled jobs in the wage difference. Our method departs from
this approach as it does not assess the existence of a glass ceiling from the comparison between separate quantile
regressions, but rather infer it from the whole shapes of the wage distributions of males and females. Indeed, it
models the glass ceiling (and the uniform distribution) as some transformations between the two wage distributions

and estimates the underlying parameters. The two transformations can be described independently in the following
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way:

e The glass ceiling makes the jobs at the top of the wage distribution less accessible for females than for males.

It can be modelled stating that for a given wage w, the relative chances for females of getting a wage higher

than w, 75((52 >>°;)), decreases with w. In fact, we model the relative chances such that:
P (qu > w)
== [P (wy, v 20
P2 [P (> ) (20)

with v > 0. This specification corresponds to the first example proposed for 7, in section 3. Indeed, denoting
Gf (w) =G (wf <w)and Gy, (W) = P (wp < w), wehave: Gf (w) = 1-[1 — G,y ()], Rewriting Gy, (w) =

wand ry (u) = Gy [G! (u)], we get: ry (u) =1—(1— u)"*" which is similar to the smooth selection case.

e For a job yielding a given observed wage w,, for males, the uniform discrimination makes females earn only

Wi = Wy +a with a < 0.

Whereas the glass ceiling squeezes the wages obtained by females to the left compared to males, the uniform
discrimination yields a uniform wage loss for all females. We want to estimate the squeezing and translation
parameters, and test the fit of the model.

In our application, we use some administrative data on hourly wages in 2003 from the Déclarations Annuelles
des Salaires (DADS). These data are exhaustive for the private sector. We need to construct a sample of workers
whose characteristics are homogenous, and who are old enough for gender differences in careers to have become
significant. We choose to focus on full-time workers aged between 35 and 40. As we do not have any information
on the diploma, we restrict our attention to white collars (including executives, engineers, managers and marketing
staff). Hence, we will examine the glass ceiling only among skilled workers. Beside, our sample restriction allows
us to avoid the issue of the minimum wage. The wage distributions of males and females are both trimmed by 1%
at each tail to avoid reporting errors.

We select four subsamples corresponding to four differentiated two-digit sectors with enough observations to apply
our method: equipment goods, bank and insurance, computers, and social sector workers. Table 9 reports some
descriptive statistics for these subsamples. The proportion of females varies a lot across sectors. Whereas it is low
for equipment goods (14%) and computers (19%), it goes far higher for bank and insurance (33%), and social sector
workers (44%). Not surprisingly, the average hourly wage is the highest in the bank-and-insurance sector, followed
by computers, equipment goods, and social sector (education and health). In all sectors, the average hourly wage
is lower for females than for males. The mean wage difference is the highest in the bank-and-insurance sector (26%
which correspond to 8.7 euros). In other sectors, the mean wage difference is much lower going down to 8.7% (1.7
euros) in the social sector, 5.7% (1.5 euros) for computers and finally 4.5% (1.0 euros) for equipment goods. In fact,
wage differences between men and women occur for the whole shape of the wage distributions. Figures 1-4 show
that for all sectors, the wage distributions of males and females are unimodal. However, for bank and insurance,
females have a far higher peak than males and they are concentrated at the bottom of the overall wage distribution.

Their distribution looks squeezed to the left and/or left-translated. The distributions in the social sector and for
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computers share the same pattern except that the peak for females is closer to the peak for males. Hence, curves
for males and females look more similar. Finally, for equipment goods, the peak is slightly higher for males than
for females. The wage distribution for females however still looks translated to the left compared to that of males.
We then estimate the parameters of the model and bootstrap the standard errors and confidence intervals with
replacement for 1,000 replications. Results are reported in Table 10. They show that the translation parameter is
negative and significant for all the four sectors. This suggests some uniform discrimination against females. The
effect is the highest for computers (1.1 euros) and the lowest for equipment goods (0.5 euros). In fact, the union
agreements applied in the sector of equipment goods grant workers within a socio-professional category some wages
which are nearly equivalent. This may explain the lower discrimination against females. Such union agreements
are also applied in the computer sector but jobs are heterogenous. Some give access to bonuses whereas others do
not. There may be a selection process such that wages with bonuses are mostly attributed to males. This would
give rise to discrimination.

Interestingly, the squeezing parameter is positive and significant for all the four sectors. It suggests a glass ceiling
effect. The effect is the highest for bank and insurance, and the lowest for equipment goods. It is possible to construct
some meaningful quantities from the squeezing parameter. Indeed, consider the wage wg at the last decile of the
distribution of males, that is the wage such that: P (w,, > wg) = 0.1. Put differently, 10% of males get a wage higher
than wg. The corresponding proportion for females is P (ws > wg) = 0.1'77. This proportion ranges from 3.0% in
the sector of bank and insurance (which is very small) to 7.6% in the sector of equipment goods (which is significantly
below ten percent). Another way to quantify the squeezing is to estimate the glass ceiling effect on the wage of a
female at some given quantiles of the wage distribution of males. In fact, rewriting (20), it is possible to show that,
because of the glass ceiling, a female who would earn x was she a male is going to get y = A\, [1 -[1-Gpn (x)]v_}fl]
where )\, is the quantile function for males. We compute the wage loss y — = at the first decile, the median and
the last decile of the male wage distribution. This loss writes: A, |1 —[1 — q]ﬁ] — Am (q) respectively for ¢ = 0.1,
0.5 and 0.9. Results reported in Table 11 show that not surprisingly the wage loss at the first decile is smaller than
the loss due to the uniform discrimination. This is because there is nearly no glass ceiling for lower wages. At the
median, the glass ceiling effect is larger than the uniform discrimination effect only in two sectors (the social, and
bank and insurance sectors). Finally, the effect of the glass ceiling is very important at the last decile in all sectors,
except maybe equipment goods. In all sectors, it is much larger than the effect of the uniform discrimination.
Whereas, females at the last decile incur a loss of 1.7 euros in the sector of equipment goods, their loss gets higher
than 3 euros in the computer and social sectors. The loss is very large in the bank and insurance sector reaching
12.3 euros. In fact, the important squeezing in the sector of bank and insurance is not surprising as the white-collar
population is very heterogenous in banks. Whereas most males are hired from the start as white collars, many
females are hired in lower positions but have some carrier plans which allow them to become white collars after a
while. In this context, good positions and job tenure allow males to get far higher wages than females within the

white-collar category.
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We also computed the test statistic to assess whether the model explains well the wage differences between males
and females. Results show that the test statistic is below the 5% threshold (value 0.46136) for equipment goods,
computers and social sector. Hence, the uniform discrimination and the glass ceiling effects would be enough to
explain the wage differences in these sectors. By contrast, the test statistic is far above the 5% threshold for bank
and insurance. This suggests that some other types of mechanisms are at stake in that sector. A reason may be
that bank and insurance do not have the same union agreements.

We then tried to assess whether one type of discrimination only (uniform or glass ceiling) is enough to explain the
difference in wage distributions between males and females for sectors for which the test statistic did not reject
the specification when the two types of discrimination are included. When introducing only a translation, the
specification is heavily rejected in all sectors (see Table 12). When introducing only the squeezing, the specification
is also rejected although not so heavily in the equipment goods and social sectors (see Table 13). This suggests
that both a uniform discrimination and a glass ceiling would occur. We finally tried to explain the difference
in wage distributions with another specification, namely a uniform discrimination (translation) coupled with a
discrimination that makes females loose a given share of their wage (dilatation). This is a transformation of values
that writes zg = ay + b, whereas there is no transformation of ranks. The test statistic reported in Table 14
accepts the specification only for the social sector although the statistic value is far larger than for the specification
with translation and squeezing. This suggests that the glass ceiling is more compatible with the data than a

discrimination yielding a wage proportional loss.

8 Conclusion

In this paper, we were interested in comparing the distributions of a continuous outcome between two groups. We
considered specifications where the two distributions are related through some parametrized transformations of
values and ranks. This type of specifications covers cases where the outcome is observed only for some selected
individuals and the selection depends on the rank of the individuals in the distribution of their group. In fact, our
specification can result from a specific class of theoretical models that we explicited.

We proposed a method based on quantiles to estimate the parameters of the value and rank transformations. This
method can be decomposed in two steps. First, we estimated the quantiles of the two distribution non parametrically.
Second, we minimized the distance between the transformed quantiles of the two distributions. We then derived
the asymptotic distribution of the estimators and proposed a specification test that allows to assess whether the
model specification is compatible with the data.

Monte Carlo simulations were conducted to evaluate the quality of our method. They showed that the estimators
perform very well as long as the number of observations in each group is at least a few thousands. We finally
applied our method to study the differences in the wage distributions between males and females. The goal was
to quantify the effect of the glass ceiling and a uniform discrimination against females. Results showed that both

types of discriminations lead to a wage loss for females.
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Our method can be extended in several ways. We plan to include individual explanatory variables in the model.
In that case, the quantiles functions of the two distributions will be conditional on these variables and may be
estimated semi-parametrically using quantile regressions instead of sample quantile as we did in our setting. We
also want to examine how the model can be written in a intertemporal framework where the distributions of the

two groups are observed at several periods in time.

9 Appendix: asymptotics

We first propose two lemmas which will be used in the proofs proposed in the appendix.

~(k ~(k 5V
Lemma 4 Under assumptions A1-A5b, )\; ) converges uniformely in probability to )\;k), where )\; ) =22 and

duk
AP Z 8N k= 0,12,

OKn,
Tévl (u,t). We have:

~(k)
Aj

Proof. Denote k; (u,t) =

(w) = A (u) = S¥ (u) + D¥ (u)

with Sj’-f (u) = [XJ () — A (t)} %2’? (u,t) dt the smoothing of the error between the sample quantile and the true

O—

quantile value, and Df (u) = [A;(¥) ?;f,j (u,t)dt — )\gk) (u) a deterministic bias. We have:

58 ()] < M (. ) [ [X5 0= A (0)]

Corollary 21.5 p307 in Van der Vaart (1998) ensures that sup ‘XJ (w) — Aj (u)’ =0 (Njfo‘) for any o < 1/2 as N;
u€l0,1]

1,
tends to infinity. We can choose o = 6, +¢ < 1/2 withe > 0 as 6, < 1/2. Hence, [ ‘)\j (t) — Aj (t)‘ dt =0 (N;e’“%).
0

Using A5b or Abc, we get sup [S¥| <o (N; ¢ Zo. Using Aba or A5d, we also have: sup |D¥ £ 0. Hence:
J J J

u€(0,1] u€l0,1]
~(k
sup /\§ ) (u) — )\;k) (w)| < sup }Sjk (u)| + sup ’Df (u)] Lo
w€[0,1] u€[0,1] u€[0,1]
NN AN
and A; © — A} uniformely. m

This result can be used to prove the following lemma:

Lemma 5 For any sequence (3,,,7,,) € ®, where n is a bivariate index for the number of observations in the two

groups n = (N1, No) with Ny = 1,2,... and No = 1,2, ..., such that (3,,,7,,) il (8o, Vo), we have:

- P
C(Bnvn) = C(Boiv9) =0
ac ’ P _ac_
9B (8, 7.,) OB | (Bg,7q)
Pite P az—cw
BB |5 4 ) BB (3,



Proof. We now show that: Cy (8,,,7,) Kol (B4:70) = 0 (the proof is similar for Cs (3, 7)). First note that we
have: €1 (8,9) = fy wi ()1 (8,7,6)" dt with A (8,7,8) = 252 (N (1,1 (1)) = Re (1.2 (uy.1 (1))). Hence:

. 1
Gy (671’771) -Gy (507’70) = /0 w1 (t) [h (6na7mt)2 —h (6()’70’75)2} dt

= /0 w1 (t) [h‘ (ﬁn”}/nvt) +h (BOa’YO’ t)] [h‘ (ﬁn”}/n’t) —h (ﬁ0770’ t)] dt

As @ is compact and and z is continous in all its arguments, 25 2 is bounded. Moreover, zg, 2, A1 and A; are also

bounded. Thus there is an my (which does not depend on n) such that |k (8,,,7,,t) + h (8o, Yo, t)| < m1. Hence:

N 1
Cl (ﬁnv’}/n) S ml/() w1 (t) |h(5n77n7t) _h(ﬁ07’70’t)|dt
We have:
BB us) = B B0 = [z, (R (1,0 (1)) = 28,2 (A1 (13,0 (1))
+l28,.2 (M (ty,1 (1)) = 28,2 (A1 (uy,,1 (1)) ]

28,2 (M (130, (1)) = 28,2 (M1 (90,1 (1))

ﬁn

Using the mean value theorem and the boundedness of , there is an mqy such that:

2,2 (31 (1,0 (1)) = 28,2 (A (1,0 0))] < mz A (1,0 () = M (1,1 (1)

Using lemma 4, we have: sup ’Xl (uy, 1 () =M1 (uqy, 1 (t))‘ Lo. Thus, we have:
u€(0,1]

/01 wy (t) ’237”2 (Xl (ty, 1 (t))) — 23, 2 (A1 (uy, 1 () ’ dt 2o

As % is bounded thanks to assumption A6, there is also an mg such that:

26,2 (A1 (0 (D)) = 28,02 (A1 (1 ()| < s g, 1 (1) = iy 1 (1)

Using the definition of u,,; and the fact that -, il Yo, it is easy to show that:

1
/ w (8) |y, 1 () — 1wy, 1 ()] dt 5 0
0

and thus: )
/ wy (t) 25, 2 (M (1 (1)) = 25, 2 (M (g1 (8))[dt 50
0

Finally, as 8 5 is bounded, there is an m, such that:

26,2 (M (.1 (1)) — 2852 (M (g1 (1)))] < ma 13, = Bol
As 3, Eit By, we have:
1
| w18, ol 2o
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and thus: L
e (0 G (0) = 2,2 (0 (11 ) 20

Combining all the intermediary results, we finally get:

/01 wy () ‘Zﬂn,z (Xl (try, 1 (t))) — 28,2 (A1 (uqy1 (1)) ) dt =0

In the same way, we can write that:

o~

A2 (ry,.2 (uy, 1 (1)) = A2 (14,2 (U1 (1)) = Ao (T2 (U, 1 (1)) = A2 (74,2 (uy, 1 (1))
+A2 (T’YmQ (uvn,l (t))) — A2 (T'yn,Q (u’yml t)))
+/\2 (T’sz (u’Yoal (t))) — /\2 (T’Yo72 (u'Yo»l (t)))

)
(

Using the same line of proof as above using the properties of 7, o instead of z3 2, we get:

/O L () [Ro (7, 2 (13,1 (1)) = Ao (2 (11 ()| 0

This is enough to show that: Cy (8,,7,,) Lo.
P

-/ 6. and 9°C L
Borrn) 2B 1(By70)

TENOB (8, )

using the boundedness of first, second and third-order derivatives of zy 2, 74,2 and A;. =

The same line of argument applies to show that: 3(?3—6;)'}

9%*C

W (Bo»v0)

9.1 Consistency of the estimated parameters (theorem 1)

We show the consistency of the estimated parameters using a reductio ad absurdum.
We suppose that (Bﬁ) - (B9,70)- The identification assumption A8 yields that: 3! (8, Vo) |C (B, vo) = 0. Since
C' is continuous and C (8,,7,) = 0, then C (Eﬁ) — 0. This means that: Je,7 > 0 such that VN, I N > Np|

P(C (Bﬁ) >n> > e

Using Lemma (4), we also have that: Xj it A; uniformely in w for j = 1,2. This yields that for any (3,7),
C (8,7) e (8,7). Suppose that the values of (3,v) € ® where ® is a compact set. Hence, C (8,7) Eie] (8,7)
uniformely on ®. Hence:

INIYN > Ny, V(B €@, P(|CB) -0 > ) <

5 (21)

Do ™

We fix Ng = N7 and select N > Ny such that P (C (Bﬁ) > 7]) > €.

Applying (21) to (B, a), we get: P (]6 (Bﬁ) e (Bﬁ)) > -g) <&

Applying (21) to (85, %), we get: P (|C (8p,70)| > ) < 5.

As @ﬁ minimizes 6, we have 0 < C (@ﬁ) < a(ﬁo,%) and we get: P (6 (B, ﬁ) > g) <5.
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We have: C (ﬁ, ﬁ) =C (Bﬁ) —-C (ﬁ, ﬁ) +C (Bﬁ) Hence, C (3,?) > 7, implies: ‘C’ (E, ﬁ) - C (ﬁﬁ)) > 4
or O (ﬁ, ﬁ) > 4. This yields:

This contradicts the fact that P (C (B, ﬁ) > 77) >c. N

9.2 Asymptotic law of the estimated parameters (theorem 2)
In order to derive the asymptotic law of the estimated parameters, we do a Taylor expansion:

oC
2(8,7)

oC
2(8,7)

oC
2(8,7)

oC

(Bﬁ) 9 (ﬂv ’Y)

+

(BA) (Bo+v0) (Borvo)

We have % = 0 since (B, ?) is the minimum of C. We do a Taylor expansion of the first right-hand side

—~ T R
B — By 020
|5 7 AT
(Bosvo) 7 =% d(6,7)9(8,7)

with 3 between 3, and B, and 7 between 7, and 5. Hence:
—1 .
) oC
T
(B7) 2(8,7)

(8:3)
term and we get:
0= oC
9(8,7)

(22)

B —Bo _ 826'
7o 2(8,7)0(8,7)"

Using lemma 5, we get that:

(Bos70)

—1
(@)ﬂ’o))

aCsy
4+ 2
(Bo+70) 9(8:7)

)_1 r ( 82C
(EW) 8(ﬁ77) 0 (5a7)

’ _ 00
(Bos70) 9(8:7)

02C
d(8,7)0(8,7)

. Consider first the derivative

We now establish the asymptotic law of a(aTéfy) o)
’ 070

of élwith respect to :

BN dt

(Bosvo0) (Bovo)

-~/
AyOr t
wpga () L2 ()

1 v —~ —~
/0 wr ) 4 (1) 8,1 (D2 208 A (D=2 o (O5gor, o] | 8020 Ayg1 () = A2 0Ly 5 (tﬂ ‘
Oy

87‘3 2

I
|
N\

u. —u
”Yo 70,17 %y ,1
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. > . . . ~ . 1%} ) .
As the quantiles \; and their derivatives A; converge to their true value, and w is bounded on [0, 1], the

second term in the paranthesis on the right-hand side tends to zero. Hence, we get:

! 87“2
~ =2 wy (t) | ===

Deriving Cy with respect to 3, we get:

! 8252
=2 t :
/me =

(BosYo) A'Yﬂ*l(t)

~/ ~ ~
7 Ay 0 T2 (t)) |:Z5072 o A%,l (t)— Xy o T2 (t)} dt

(Bo+v0)

B

(26020 30 () = D201, 2 (1))

0z3.2
Let Vg1 (t) =2 Ory s _”:\;}(t) ol we have
IR U~ ,1(t) 2 Of%Q ( )
aCy 1 . - -
03 7>T ~ 0 w1 () Vigy,v),1 (t) [3,80,2 0370,1 (t)—Xao Try2 (t)| dt
’ (Bosv0)

Since 2%1 () Ll A, 1 (1) and /):IQ () il A (+) uniformly on [0, 1], 17(577)71 () Sl V(3,41 (+) uniformly on [0, 1], with

0z3,2
o8
Vi (t) =2 v 2 A%j(t) . Using also (2), we get:
— =2 Apor. ot
oy w1 (t) 2 —'y,2( )
aC, ! < -
e T / W (1) Vigyt (1) [2,2 08,1 (8) = 28,20 251 () = (Ra oy () = Azor, » (1)) ] dt
7 (Bo:v0)
(23)
We can then apply Theorem 1.3 p429 in Falk (1985) to the distribution fv | for t €10,1]:
L,
= N d
Nogd 1 (2001 @) (300 0 =201 (0) = Bur (1) (24)

where Bi; is a Brownian bridge. Thus, using Slutsky’s theorem,

~ ~

!
- 4, 2 °2re1 ()
nyo,l (ZﬁD,Q OA’YOvl (t) ZBO>2 OA7071 (t)> = f 1 OA'YO’]" (t)

o>

Bll (t)

Consider the quantile function Agor , (¢) for ¢ € [0, 1], the corresponding density is given by f> ()\2 0Ty 2 (t)) /10,2 (D).
Applying Theorem 1.3 p429 in Falk (1985) to this distribution, we get:

NG 2 (A2,O f”(t; ®) (Raorya(®) ~aor, o (1) = Bu (1 (25)

£"Yo 5
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where Bs; is a Brownian bridge independent of By;. Thus,

~ ~ d Zlyo,z (t)
Ny (Ao, 2 () = Aoz, o (1) =5

fo ()\2 or,. 2 (t))

Bgl (t)

Define pi; () = 25,20 A

Ay () =Azor, 5 (t), we have

Hence
5 d
VB0t (202 03,1 (8) = 28,200, 1 () =5 4 () B (8)
Y

VA2 (Reor, o (6) = daor, (1) =% ui (1) B (1)

Hence, using (23), we obtain

oC ! B B
8—1T :d>/ w1 (8) Vg, o)1 (1) L() - ﬁm
(ﬁ7 ’Y) ([30770) 0 ’Yo 707
Denote:
1 1 B B
Bi (1) _ 11 ( 21 (

N’Y \/ 70’ \/ "/07

B is a Brownian bridge. Hence,

_1 R
( 1 1 ) ? 801
— + =

N'yo,l N'yU,Q (6 ’Y

Switching groups 1 and 2, it is possible to use the same line of proof to show that:

_1 R
( 1 1 ) > 802
— + =

N'yo,l N'yU,Q (6 7

where 115 (t) = 25,1 0 A, - (t), and B> is a brownian bridge defined by:

N / w1 (t) V(g o)1 (8) oy (t) By (t) dt

(Bos70)

4, / W (8) Vigy a2 (1) 1t (1) Ba (£) dt

(Bo»vo)

By (t) =

1 1 Bgz t) B12
N.

Yol VO’ \/ ’Yo \/ ’Ym

with Bys and Bjps are some independent Brownian bridges given by:
~ d
w02l 5 (Me2 ®) (B2 () =2, 2 (1) =5 B (1)

/—N%Jfl ()\1/0 Tyool (t)) (Xl ory 1 () — Mt or, (t)) N By (1)

E'le (t)
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We finally get:

_1
1 1 :
— + =
N’YOal ]\]-”Yo,2

p 92C
a(B,7)0(B,7)"

=)

|
ey
oS

=)

— %o
-1

( /0 wi (8) Vigyvg),1 (1) iy (1) Bu (2) dt + /0 ws (1) Vigy o).2 (8) 12 (£) Ba (t)dt)

(Bos70)

The estimated parameters asymptotically follow a normal law as they write as a sum of brownian bridges. In fact,

we have: .
1 1\ ° [ B-
<A - ) R (o,r~tor-1) (32)
N’Yovl N ’y - 70
. 2 1
Wit T = gty e =V ([ () Vigg gy (68 (2) B (1) e+ Jy w02 (1) Vi g2 () i (0) B (1) )

We are now going to compute I' and Q.

We first calculate the expression of I'. We have:

92C, 1 3[2[3720)\ (t) f)\QOT,YQ(t)]Q
2(8,7) 8(577)T (Boso) /O 1 9(6,7)9 (B, ) (Bo>Y0)
1 D [z820A, 1 (t) —Aaor, 5 (t)]

dt
(BosY0)

= / w1 (t) ‘/(50770) 1 (t)

o
l

5(@ 7"

‘/(507’70 (t) ‘/(gov’}/())’l <t) dt

92Cy
9(B,7)0(8,7)"

N~ N~

T
w2 ‘/(ﬁo,’}/o (t) ‘/(ﬁov’}/())’Q <t) dt

(Bosv0)
Hence:

1
=3 /0 [wl () Vigyva)t () Vil oyt (8) + w2 () Vigy )2 (8) Vil )0 (B)|

We now compute 2. Note first that By and By are tied. Indeed we show below that for a given ¢ € [0, 1], it is
possible to find an s € [0, 1] such that B; (¢t) = Ba (s). This value of s verifies the equation:

Uyt (8) = T5,1 (Uyp2 (5) =1 1 (5) (33)

or equivalently:
Uy 2 (8) =Ty 2 (U’vo,l (t)) =TIy 2 (t) (34)

t) = M (u~. 1 =\ . According to the definitions of By
Yo» 'y ,1

and By given respectively by (24) and (31), this yields: Bll( ) = Bi2 (s) Since s verifies (34), we also have:

Ay 2 (8) = Az (Uyy2(5)) = A (_ﬂY ot )) According to the definitions of Ba; and Bag given respectively by (25)

—Yo»

Indeed, if s verifies (33), we have: A

20,1
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and (30), this yields: Baj (t) = Baa (s). Using the expressions of By and Bs given by (26) and (29), we finally
obtain: By (t) = B (s). Using (33), we thus have for all ¢ € [0, 1]:
E'y 1 (S) - u'y 1
By(s) = B | Bt~ Bl (35)
1

u’Yo’l - Q’Ym

We are now going to rewrite the integral fol w2 (8) V(3,,~y),2 (8) 15 (s) B2 (s) ds as an integral of B using (35). We

make the change in variable: ¢t = _”u‘;l(ls)ﬁ We thus have:
0 _“VO 1

1 1 ds
029 Vi (55 () B (5)ds = [0 (6) Vg0 (5) s (5) G B () (36)
0 0
From (??) and (34), we also have:
ia(8) = Zoy1 (A2 (9)] = 23,0 2 (.2 (5)]

= 2,1 {)\2 (_70 5 (t))] = 23,1 [t (1)]

Deriving this expression with respect to ¢, we obtain:
ds
() = 2y [ (O] (1)

Hence:

1
| 0 @ Vi, Ot 0 By @+ [
0 0

1 1
w2 (8) Vigyo).2 (8) 1 (5) Ba (S)ds:/O g(t)Bu(t)dt  (37)

where:
) / ds (t)
g(t) = wi(t) Vigy o) () 11 (8) + w2 (s (£) Vigye),2 (5 (1)) 2 (5 (1) —
= w01 () Viggiag)t (8) + 02 (5 (0) Vig )2 (5 (8)) 26, 1 [y (8] 4 (1)
with s (t) = Log2() g o T{g}(u f g (t)dt — fo tg (t) dt. We have:

u.YOQ uo

/1g<t>Bl (t) dt
0

/ g (1) (W (1) — 1797 (1)) dt

// £) AW (u dt/olg(t)tdt/oldwl(u)

- /T{g}< )W, (u)

0

where W1 (+) is a Wiener process. As for any u, dW (u) follows a normal law N (0, du), and the processes dW7 (u),
u € [0,1] are independent by definition, we finally get:

Q:v(/olgu)Bl(t)dt) = [T @ T o aw
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9.3 Asymptotic law of the minimization criterium (theorem 3)
9.3.1 Theorem 3

We now establish the asymptotic law of the minimization criterium. Applying a Taylor expansion, we get:

N - oC B-B
C(ﬁﬁ) = C(ﬂoﬁo)‘*‘w 5 70
5 r oA -~ —3/2
+1 B = Bo 0°C B— B 4O ( 1 n 1 ) (38)
2 /77_70 8(/657)3(677)T (Bovo) 3—70 N’yo,l N’yo,2

We first determine the asymptotic law of C (B, 7o) For that purpose we decompose it into Cy (8o, o) and
Cs (By;70)- Injecting (2) into (11), we get:

o~

~ 1 ~ 2
Cr (Br0) = [ w01 (®) [z, (B0 0) = 20,2 (3101 0) = [ (1302 0) =% (£3,00)]] @t (39)
Applying the same line of proof as when establishing (27), we obtain:

(]\71 + ﬁl ) Ch (Bo»70) é/0 wy (t) iy (£)° By () dt (40)

7071 70»2

Injecting (3) into (13), we get:

o~

G i) = [ 02 [ (1100 0) = 2 (210 0) [0 (31,2 0) 20 (33,0 @)] 0t (a1

Applying the same line of proof as when establishing (28), we obtain:

-1
1 1 ~ !
R el I TCAEOEL Y PO PACR O (12)
N’yo,l N’yo,Q 0
Combining (40) and (42), we get:
-1 1 1
1 1 -~ d 12 2 12 2
L CBor) =% [ wn @l (0 By dt+ [ wa @)y (2 Ba(tPdt  (43)
N’YOvl N’YOvQ 0 0

Using the same line of argument as that to get from (36) to (37), we obtain:

/1 wi (1) s (82 By (8)2 dt + /1 ws (8) b ()% B (s) ds = /1 h(#) B2 (t) dt
0 0 0
where:

Bt) = [wn (&) +ws (s (1)) 2,0 [ OF /' (0] 1t (1)

Using (22), the second right-hand side term in (38) rewrites:

R T

B —Bo *C

~ T
Y= ) 2B:7)3(6,7)

(87)
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It is equivalent to:
T

AR R
7= Y=
The third right-hand side term in (38) is equivalent to:
~ T ~
L[ B=Bo ) [ #—Fo
2\ - 7=

Hence, the sum of the second and third right-hand side terms in (38) is equivalent to:

~ T ~
(B8 ) o B-s
Y= Y=
(B0 | _a
We have: (Nl + %) — Y with Y following a normal distribution N (0, F_lﬂF_l). Denote
Y01 Y0,2 ~
Y=Y

A the Cholesky matrix such that: T='QT'"! = AA’ and Y such that: ¥ = AX, where V(X) = I. Hence:

—1 ~ T ~
1 1 1 - — 1
—= <A + = ) f %) ¢ f o) o —5X'ATAX
Nyor Nyg2 =% 7= "%

Yo

Consider an orthonormal decomposition of A'TA such that A'TA = ZDZ' where = verifies 22’ = [ and D is
the diagonal matrix of the eigenvalues of A'TA. We have: X'A'TAX = X'DX with X = ZX. Here, V ()?) =
EV (X)E = EIZ' =22’ = I. Thus, X'DX = ZDk)?,f where Dy, is the k'™ eigenvalue of A'TA (this is a special
case of the Cochran’s theorem). Finally: ’

-1/ ~ T ~
_1<;+A1 ) LAY RELR WIS
Nygi Nyg2 Y= 2l 2 k

where —%;Dkf( 2 is a weighted sum of chi-squares.
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